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ABBM average shape: avalanche and bridge universality
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detailed balance and asymmetry: brownian gyrator

non markovian process and incomplete knowledge
hopes and pitfalls of linear systems
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AVALANCHES AND BRIDGES
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Average avalanche shape

Universality beyond exponents!?

P. Mehta,A. C. Mills, K.A. Dahmen, and J. P. Sethna, PRE (2002).
S. Papanikolaou, F Bohn, R. L. Sommer, G. Durin, S. Zapperi, and |.
P. Sethna, Nat. Phys. (201 I).

Universal critical exponents?
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avalanche: bridge:
constraint on all duration time constraint on initial and final time only
poor statistics for large duration large statistics for large duration

Example: numerical analysis stochastic sighal (OU)

duration distribution average shape
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EXPERIMENTAL OBSERVATIONS

A PORTFOLIO...



%
.
.
.
.
.
.
.
5
\

Voltage (Rel. Units)
a« 3 @® 8 B 8

=]
T

* experimental points
fitting curve

50 100

150 200 250 300

Time (Counts)

G. Durin, S.
Zapperi, .
Magn. Magn.
Mater.(2002)

F. Bohn, G.
Durin, M.A.
Correa, N. R.
Machado, R. D.
Della Pace, C.
Chesman, and

R. L. Sommer,,
Sci. Rep. (2018).

d e
=
N
e < §
§ S o
H(t) H(t) t
04
1 .
*
0.8 . . 0.3 r “‘“ St .
. * . /"/" N .,
. . A.P. Mehta, § )
; S 4 R
Jos|§), . A.C. Mills, K. Loaf G Mo
~. . = : fa >
A . A. Dahmen, S L .
= by Ny - / : ;;z:: ms \Y
~>; 04 |o . and J, P, 011 _" « r=0:9_’::
. / v T=1.28
L N Sethna, PRE
. @ Spasojevic et al 4 A
‘, (2002)' % 0.2 04 0.6 08 1
0 T
0 02 04 06 08 1 e — —
T ;
1.0 normalized size S/, G . D U ri n ) F- LI 1.0
e 0075 > 0237 o 0.750 h h
Lo ook e Bohn, M.A. j08 o8
0.8 <4 0178 ® 0562 = MF C R 5 %z
orrea, n. S §°'5
48 0.6 L- Sommer, ;U‘ o 28245 ;0‘ ° 0.162 pWb
£ o2 cara o < ass7omm
;:: R Le CoSIB 1000 nm ° 62.1 :As . DSSO:WH
"% 04 Doussal * nescaedimer % pescedszesis
’ c
O e =
02 and K. J. o i
. : T d
| Wiese, Ees 3
%0 0.5 1.0 1.5 20 3.0 PRL (20 | 6) Z’“ d Z
= ® 2828 = * 0.059 pWb
t/Tm/(S/Sm)l/7 02lfs o 3678 ~ o2 © 0.081pWb
® 477 s ® 0.113 pWb
'7 “ » o 5::" 0: = ‘;56 08 1.0 02 0.1 aal D:’: 08 1.0
» Rescaled time t/T Rescaled size S/s

e ————

D. Spasojevic, S.

Bukvig, S.

Milosevi¢, H.E.

Stanley, PRE,

(1996).

1.0+

IR

0.6 4

0,44

0.0

0.8 1.0

B.Tadic, S.
Mijatovic, S.
Janicevic, D.
Spasojevic,
and G.].
Rodgers,
Sci. Rep.
(2019).



e

0.8 1

" wtt’)

Lo

¥

04 06
m ’

S —

——

D. C. Chrzan and M.
J. Mills, PRB (1994).

X T=1959 ms

2
g

s 308

2 =

e

28 06

Z3 5 T=0939ms & KT=3
Igg 04 o T=1122ms \ o KT=6
g o T=1393ms o KT=9
& 02 o T=1613ms o KT=12

(a) (b)

x kT=15

Rescaled stress drop rate — parabola

(do/dt)/(dodt), — 4(1-UTYUT)

(d

0.1 0.3 0.5 0.7
Rescaled time t/T

0.9 0.1 03 0.5 0.7 0.9
Rescaled time T

\_’,_i

e

J. Antonaglia, W. ].Wright, X. Gu,
R.R. Byer,T. C. Hufnagel, M.

Leblanc, J.T. Uhl, and K.A.
Dahmen, PRL (2014).

-
o

o
=)

0.6

Normalized mean velocity

Normalized time

> _la Au
£ 10
o -
g
- 08 —
(]
8 i
5 06 —
(0]
N 7
T 04 — —().6+0.05 Ms
E i e 0.80.06 Ms
2 —1.0£0.05 ms
02 — e 1,2+0.05 M
w—1.410.05 ms
W77 17 71 |
0.0 0.2 0.4 0.6 0.8 1.0
Normalized time

R

G. Sparks and R. Maal3,,Acta Mater. (2018).

-FORMATION

T—

C. Liu, E. E. Ferrero, F. Puosi, J. L.
Barrat, and K. Martens, PRL

(2016).

Force (uN)
w
3

300 400
Depth (nm)

T T
500 600 700

Rescaled stress drop rate V() / max{ V ()

Rescaled t/at

R —

A. E. Lagogianni,

— .‘»

C. Liy, K.

Martens, and K. Samwer,

Eur. Phys. J. B (2018).

Scaled velocity, vS0*
8
o

— =21 0.06 N m
—S5=310.1nm
—S =4+ 015 nm
w—S =6+ 0.4 nm
——S=10%1nm

0.0015

T T
0.0005 0.0010 0.0020

L —

——

G. Sparks and R. MaaB3, Eur. Phys. ]. B (2019).



FRACE LR

A 0.8s<D<1.0s
0.7s<D<0.8s
“ 06s<D<0.7s
0.5s <D <0.6s
o 0.4s<D<0.5s
O 0.3s<D<04s

J. Bares, M. L.
Hattali, D.
Dalmas, and D.
Bonamy, PRL
(2014).

0.2 0.4 0.6 0.8 1
t/D
C— T
1 4
19 =T<IT3p
3TIST<THy
T2<T <1300
9 —— 130T <2500,
S |
b |
21|
‘|
A
A (b)
ohde
0 —
0 0.2 0.4 0.6 0.8 1
t/T
A

C.-C.Vu and J.WVeiss, PRL (2020).

FARTHQUAKES

June 9, 1994 Bolivia Earthquake
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B. Alessandro, C. Beatrice, G. Bertotti, and

A 3 3 M M O D : |_ A. Montorsi, J. Appl. Phys. (1990).

m(t)
g m)

H(t)

over damped
motion of dx — k (Ct AN

domain wall  df

drive

“Brownian force”
F(r+dx) =~ F(x) -

Barkhausen
noise

z) + F(z)
disorder
- oVdx

dF'(x)
dx

= o ¢(z)

stochastic process

in space

Sle)=0:E@ ) =0z 1)

How can we recast ABBM in a usual sde (with white noise "in time”)?
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t — 7(t) = G X )
problem:
PO _ w(x,0)+o (X060 > B px,m) +50x, 78
solution:
: _ (X, t(r)) (X, (7))
SR ma Y ey
example of (deterministic) time change:
B ' dx(t) time 2 -
process @& ~°®)  change HT) =gz (€7~ 1)
new (rescaled) process Ornstein-Uhlenbeck process
y(r) = e (1(r) W) — _ky(r) + o (r

dr
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- i dF (z) §(z) =0
ARBM kel 0000 b BEL Rt it )
ABBM in space coordinates white noise in space
do(t) dF (z) dF(z) dF(z)dz
Thea weee S R e
Z—Z =k (v (Cx) 1) + 0&(x) Rayleigh process (in space)
: dz 2
time change z — ¢ s v(t) =G*(t) > 0

Cox-Ingersoll-Ross process (CIR)

dv(t) =0
7 =k (c—v) + oy (i) EE(3) = 8(t — 3)

J. Cox, J. E. Ingersoll, and S. A. Ross, Econometrica (1985). Wh'te noise in t'me
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t1—1o

tn—tn—1

P(zo,%0; --; Tn, tn) = P(Zo,%0)P(Zo > 1) ... P(Zn—1 > Tn)
P(- — -) propagator
FP: O0;.P = 0; [—u(a:,t)P + %3:1: (o?(z, t)P)} sde: Z—j =1z )+ ol L) EE)

solution depends on b.c.
P Notable cases:

& P(zo 5 z)dz < 0
sfree” / P(zo > z)dz=1 “absorbing” dr e
t
P(0O—=>v)=0
T number of trajectories wajectories -

constant in time

die at zero
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_ M
05+ t ._’U' ‘ ‘
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W. Feller, Ann. Math. Second Ser. (1951).
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k=1 O (c—v)+v20e®) 8 P(v,t) = 02 [vP(v,t)] — 0, [(c — v)P(v,t)]
Possible solutions depend on the value of c (drive rate)
t
L c>1 p el P(vg = v)
fast drive: “steady sliding”  slow drive: “stick-slip™ N
n " " " o | + free
only “free free” solution |
solution “absorbing” solution - absorbing
zero unattainable zero attainable -
Sk _EI‘LTvg%; PN v vge~t
Pi(vo 5 v) = (1_e_t ) ('voe—t) T (\/ ; —Oe—t)z)
I,(z) mod. Bessel 1st kind oo 0,':2 03
+ free - absorbing

P(vo it v) oc v¢~! for v & 0 P(vg 55 v) =~ const. for v ~ 0
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ABBM AVERALE SHAPE PREVIOUS VWEIRKS

Approximation: (v(x))s e (v(t))T

3 : ; I R t
F. Colaiori,Adv. Phys.(2008). SmUSOIda| Shape: (’U(t))T s % sin (ﬂ-f)

Exact ABBM for vanishing drive ¢ — 0

S. Papanikolaou, F. Bohn, R. L. Sommer, G. Durin, S. 1 (e2k(T_t) b ]_) (62kt Cn ]_))
Zapperi, and |. P Sethna, Nat. Phys. 7, 316 (201 1). (U(t)>T — 5% T 7
e —_

1
parabolic shape in the scaling regime T K A

t

(D)5 = ét (1 . f)

Same result from theory of disordered

elastic manifolds for d > d,.
(noat — Vg) u(x,t) = O F (ct + u(z,t),z) — ku(x,t)

__ 7—d . P.Le Doussal and K. ].Wiese, Eur. Lett. (2012)
'U(t) =1, / dz 'U,(ZE, t) K.].Wiese, arXiv :2102.01215, ROPP (2022).
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t1—t1 tn_tn—
P #0:t0; -5@ns tn ) = PlToste)Bl@o —— xi) -5 Plaoy = > Tn)

D -
N ¢
4
0 it T
Bridge: S
T P(xg i %) Pl = L7 ) free
B(z,tlzo — zf) = propagator

P(zo — ) R
) + normalization

Avalanche:
same expression with “absorbing” propagator



Brownian process

dv

di

(t)

Brownian Bridge

dv v
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S. N. Majumdar and H. Orland, |. Stat.
Mech. (2015).

J. Pitman and M.Yor, A Guide to
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A.Mazzolo, J. Stat. Mech.(2017).
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DOOBS TRANSFORM
dv

— = u(v) + o(v)&(t) sde unconstrained process

dt

Process constrained to v(T) = vy

d_'u
dt
if P is:

the “free” propagator: sde of bridge
the “absorbing” propagator: sde for avalanche

= p(v) + az(v)%P(’v, t > v, T) 4+ o(v)E(E)

S. N. Majumdar and H. Orland, |. Stat. Mech. (2015).
J. Pitman and M.Yor; A Guide to Brownian Motion
and Related Stochastic Processes, (2018).

contact between FP A.Mazzolo, |. Stat. Mech.(2017).
and sde approach
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d'v

T k(c—v)+0o? v11m8 log P(v,t — €, T) + o/vE(t)

Doob’s transform

Bridge: ‘free” propagator = Avalanche: “absorbing” propagator
dv ‘
2 (Fop koot [JT-0] +ovi0 %Gk vheom [Low )] ot

Averageing sde equations
(VvE(t)) =0 (Ito scheme)

bridge: avalanche:
d“;g)) S e E B (T — t)] d“;it)) = 0% — kc— (v(t)) k coth E (T~ t)}

Linear differential equations for average shapes!



ABBM AVERAGE BRIDGE AND AVALANCH

Bridge:

Avalanche

—kt kE(T—-t) _ o2 P S ek (T=t).
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A. Baldassarri, |. Stat. Mech., 08321 | (2021).
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Both gamma distribution, but with different shape parameter
~ 2ke

Bridge Avalanche p=-y -1
ety Wt st i
Balutil = F((’l ‘BM) exp (—w(t, T)v) v* Prlvit; T)= I(‘(’l _)“) exp (—w(t,T)v) v *
varying t: varying T:
Avalanche Bridge - - 3 Avalanche Bridge
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Dumped random walk (Ornstein-Uhlenbeck process)

d'U (t) Sank e A. Baldassarri, F. Colaiori, and C. Castellano, PRL (2003).
(t) =0 F. Colaiori,A. Baldassarri, and C. Castellano, PRE (2004).

i :
s U
Exact formula

Limit cases:

RWV: icircl
\/'\/t(T t) L 1/]{5 (Gaus:;T;$I[§v§

increments)
\/ > l/k Uncorrelated: flat
€6 ‘ 99 g s | Different
Random accelerated particle™:
values of
d?v(t) s |
dt2 = £(t) : 6t'l)(0)
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—

Y =(Y1,..,.Y5)  0O:space dimension
dy .

Y
e V2£(t)  §-dimensional Ornstein-Uhlenbeck process

Generalized Squared

e (é k ) FVIe)

dts SN2 Bessel Process
equivalent to Z—: = (c—v) +v2u¢(t) ABBM/CIR process c= g
Return to the origin?
v=0 <= Y=(Y1=0,..,Y5=0)=0
ABBM/CIR drive dimension Random Walk

stick-slip c<] < < ? recurrent
steady-sliding ¢t =—— 9 > transient
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S. Zapperi, C. Castellano, F. Colaiori, and G. Durin, Nat. Phys.(2005).
| N E R—l_ ‘ A |_ A B B l\/l G. Durin, F. Colaiori, C. Castellano, and S. Zapperi, J. Magn. Magn. Mater.(2007)

f(t—s)v(s) =k(ct —z) + F(x) if f(t) =~ Ee‘%

: . T
O Generalised damping term : £
for non-instantaneous and the avalanche is longer than T
response due to eddy r rt L
currents then — / e~ %/Ty(t — s) ~ Tw(t) — '1p— that gives:
70 Jo dt
X | Tv+M— =k z) |
.g : dt (z) | but
§- inertial term
t‘:D R e v s
o ~ 64I%0b° $y(b/a) < 0 negative
0 | ! | | e
0 0.2 04 T 0.6 0.8 1 aﬂ‘4 mass
opposite skewness q2
X £ s on
< to the case of — = 8 (t) 1. 5
g_ positive mass at z A
Q YT
see also: P.Le Doussal, A. Petkovi¢, and K. J.Wiese, Phys. Rev. E (2012)

A. Dobrinevski, P. Le Doussal, and K. J.Wiese, Phys. Rev. E(201 3)
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L. Laurson, X. llla, S. Santucci, K. Tore Tallakstad, K. J. Malay, and M. J. Alava, Class., Nat. Commun. (2013).
Simulation of a model of |d-elastic string in a 2d random medium

Average shape proposal

saner oo [z (-2 [@F-5))

Universality classes: T

=

Cint A= 205 10.01 for a<1
TS 8_ = A9 00 otor s e =2
DC . =166 0,01 “lors a0 28

| | | | |

01 2 3 = X

asymmetry
parameter
=

Asymmetry related to time irreversibility of spatio-temporal structure of avalanches

| ! [ ! I

Q
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)

use

B(x,t|xg bl ==

AL

B(z,tlzg — xf) =

d.b‘

simplify

B(z,t|mo — z5) =

bridge zo =z; =0

moments

)

DAL AN

L1

P(zg > z)P(z == )

L
/\
S o i o

Py(z1)P(z1 5 z2) = Py(z2)P(z2 5 1)
general bridge

Pz 5 zo)P(xy I ) =

P(z; = )

((£)%)~

P(xg — x¢)
t s\ T PS X
Pz — xo)l_{,:((xo))P(xf — ) Ps((af))
T P.(x
P(zy — xo) PSE:L'(J;;

v\

B(z,7 — tlz; — x0)

B(z,t|0 = 0) = B(z, T — t|0 = 0)
(z(T = 1)%)-

L2

d.b. implies symmetry of bridge average shape




R. Filliger and P. Reimann, PRL (2007).

BROWNIAN GYRATOR

1
Ullzipiss §k (z? +v%) +uzy

dx
— =~k —uy+ VI &()

d
d_?z = —ky—ux++/T,&(1)

(&i(t)) = 0 and (&(t)§;(s)) = 0i; 6(t — s)

experimental realization

FP equation
OeBRE: 1)y =N it )

Stationary state
tli)IIl P(CU, y,t) o Ps(xa y)

— —

lim J(z,y,t) = Js(=,y)

6.@(37,?/):0 Ta;:Ty X

T, T,
Equilibrium Js(z,y) =0  NESS Jg(z,y) # O



AVERAGE BRIDGE FOR BROWNIAN GYRATOR
Equilibrium T, =T,  ‘Average bridge (0,0) — (1,2) in a time 7

Tx=1, Ty: au: 1u=0.5, Tx=1, Ty=1,

same average path in direct and reverse bridge
(0,0) = (1,2) vs (1,2) = (0,0)

No detailed balance

different average path in
direct and reverse bridge

D. Lucente, A. Baldassarri, A. Puglisi, A.Vulpiani, M.Viale, arXiv:2205.0896 | (2022)
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B(m)yat | 1,41 1> 37273/2)

Bridge in X,y plane

single component
average shape

1 - /
0.8 - /
064 | \
047 /

0.2 -
1

o+ 7—7 7

DGE FOR SINGEECOMPCOOINERET

Full bridge distribution

(0,0) = (0,0)

(mz(t»’f = /dy/dx z? B(z,y,t|z1,11 1”32,92)

(first moment null)

symmetric average shape

1 0

asymmetric average shape
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INIC O BEEET B KINCOMWEEED G

y 4 Uxy)
Brownian gyrator Qﬁ
dx T%i : . >

S e 2N 77
jt (x,vy) is Markov o
Y

Ez—ky—aa}—l—\/Tyﬁl(t)

What if we don’t have any access to y(t)?
Look at x(t) only:

“effective propagator’?  how to average over hidden variables?

Bl Sn / it o / i

stationary initial marginal final
condition condition

(:Ij) 1s not Markov Hidden variable y contribute to memory of x(t)

t1—1 tn_tn—
Ps(xo,to; CEl,tl; ...xn,tn) 75 PS(ZIJ())PS(ZB(), . 0) 331) ...Ps(xn_l 1) .CEn)



StarE VWV ERLIBIGOIMPLETE IKNGOWIE ERIGE
bridge distribution

P.(z1 5 z)P,(z == )

no more: Bs(z,t|z1 5 x3) # =
Ps(scl e xz)

but

r dy; dys dyPs(z1,y1)P(z,y > z,y)P(z,y =—% x5,
B,(z,t| z1 —>x2)=f Y1 dy2 dyPs(21,41) P2,y = 2,y) P,y T2, Y2)

J dy1dy2Ps(z1,y1)P(21, 41 = 2,Y2)
complicated expression. However, still:

detailed balance of complete system

Py(x1,y1)P(z1,y1 = T2,y2) = Ps(22, y2) P(x2,y2 = x1, 1)

implies U

symmetry of the single component average shape
Bl B

(2(£)*)r = (2(1 — £)%)-



FICREY

detailed balance implies symmetric shape
broken d.b. does not imply asymmetric shape, however:
B.G. complete system does show asymmetric shape when d.b. is broken

single component shape is obtained with an asymmetric average
procedure over the hidden variables (stationary initial condition,
marginal final condition)

how can an asymmetric complicated average procedure restore symmetry of
the single component average shape?
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Complete knowledge Incomplete knowledge
= =
(0,0) — (0,0) 0—>0
SBR TRE DL ==

g -

£
w0

®

o

O
R

0 T T T T T T T T T 1 0 T T T T T T T T T 1

shape always symmetric!
we can not understand if the
system is in equilibrium or not

asymmetry signals non
equilibrium dynamics



CONCEUSION ANEY QU TLOGKS

The shape of a fluctuation (avalanche or bridge) may contains interesting
information, not yet exploited:

* Avalanche shape is more suitable for universality features (scaling exponents)
* Bridge shape may be statistically more significant and analytically approachable

* Can bridge statistics reveal correlation btw avalanches? (e.g. Omori’s law?)

Beyond universality, one may hope to extract from fluctuation (avalanche or
bridge) shapes some “stochastic thermodynamic” information on out-of
equilibrium systems:

* Linear systems can be easy to solve, but trivial or misleading

* Since broken d.b. allows for asymmetric shapes, can we relate some asymmetric
measure to entropy production rate of the (full) system!?

[I]A. Baldassarri, J. Stat. Mech., 083211 (2021).
[2] A. Baldassarri, M.A. Annunziata, A. Gnoli, G. Pontuale, A. Petri, Sci Rep 9, 16962 (2019).
[3] D. Lucente, A. Baldassarri, A. Puglisi, A.Vulpiani, M.Viale, arXiv:2205.0896 | (2022).
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